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I I We present necessary and sufficient conditions for the generic rigid- 
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^ 1 Introduction 

T-H 

\^ The study of periodic structures from the perspective of rigidity theory has 

\^ received considerable attention in recent years, due in part to questions raised 

fy-\ about the material properties of zeolites. Zeolites are a type of micro-porous 

f^ mineral whose molecular structure is periodic in nature. Since the properties of 

OQ zeolites are related to their structural properties, it has been a topic of interest 

'""' to determine theoretically when such a material is rigid or flexible [T5] . 

J> Toward this end, there has been a surge of interest in the study of periodic 

frameworks. A periodic framework is composed of rigid bars linked together 

periodically to form an infinite repetitive bar-joint framework, that is, rigid 

C^ bars connected by flexible joints. This can be described by an inflnite graph 

G, together with a group, say F, which describes the periodicity of the graph 
G. Together with a periodic placement p of the vertices of G in E**, we have a 
periodic framework {G,p) [T]. The periodicity of the framework determines the 
periodic lattice, which we may consider as either fixed or variable. The periodic 
lattice is generated by the d translations under which {G,p) is invariant. 

In the thesis of the author, a combinatorial characterization for the generic 
rigidity of two-dimensional periodic frameworks with a fixed periodic lattice 
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was presented. That is, we found combinatorial conditions on a periodic orbit 
graph which are sufficient to guarantee the rigidity of almost all reahzations of 
the graph as periodic frameworks. Subsequent work by Malestein and Theran 
|15j characterized two dimensional periodic frameworks with a variable periodic 
lattice. Unfortunately, like the study of the rigidity of finite graphs, we lack 
combinatorial tools to predict the generic rigidity of periodic frameworks for 
d>2. 

It is natural, then, that we turn our attention to periodic body-bar frame- 
works, which are formed of rigid bodies linked periodically together by bars (two 
bodies can be linked by multiple bars, hence body-bar frameworks are captured 
by multigraphs, in contrast to bar-joint frameworks which are always described 
by simple graphs). In their finite incarnations, body-bar frameworks admit neat 
combinatorial characterizations for all d |19j . The question then becomes, do 
periodic body-bar frameworks also have a nice combinatorial characterization? 

In [TB] , a complete characterization of periodic body-bar frameworks with a 
fixed lattice was conjectured by the author. In this paper, we prove the result 
for d = 3 (with d = 1,2 following from the previous bar-joint characterizations 
[inj). In particular, we show: 

Theorem. {H, m) is a periodic orbit graph corresponding to a generically min- 
im,ally rigid body-bar periodic framework in M'^ if and only if 

1. \E{H)\^Q\V{H)\-i 

2. for all non-empty subsets Y C E{H) of edges 

\Qc(Y)\ 

\Y\<&\V{Y)\-&+ Y. (3-*)- 
■1=1 

The sparsity condition described by condition 2 depends on the dimension of 
the gain space Qc (F) of a set of edges Y, which, roughly speaking, can be thought 
of as part of the connectivity information about the periodic framework. Alter- 
natively, Qc (F) describes the way in which the set of edges Y "wrap" around a 
torus (as a model of periodic space), and can thus be seen as information about 
the homotopy type of the edge set Y. 

We mention some very recent related work due to Borcea, Streinu and Tani- 
gawa [2]. In that paper, the authors find necessary and sufficient combinatorial 
conditions for rigidity on unlabelled quotient graphs of infinite periodic body- 
bar frameworks. The work in the present paper is concerned with labelled quo- 
tient graphs of infinite periodic frameworks. Given a particular infinite periodic 
body-bar framework, this defines a unique (up to size of unit cell and trans- 
lation) labeled quotient graph, which we will call a periodic orbit framework. 
The analysis of labelled quotient graphs is a harder problem than the analysis 
of unlabelled ones. The approach of [5] will only tell us that a good labelling 
("lifting") of the quotient graph exists, but cannot predict whether a particular 
labelling will be good. That said, the paper [2] considers d-dimensional frame- 
works, and does so with a variable periodic lattice. That is, strictly speaking, a 



harder problem to characterize than the fixed lattice considered here. To further 
differentiate the present work from the recent paper [2], the methods used here 
are inductive methods, while the approach of Borcea, Streinu and Tanigawa is 
non-inductive. 

We conclude this brief introduction by mentioning some reasons why it may 
be valuable to consider periodic frameworks with a fixed periodic lattice. It may, 
at first glance, seem like an unnatural restriction or simplification of the problem 
of periodic frameworks (with a variable lattice) . However, for frameworks with 
a variable periodic lattice which are fiexible, the vertices which are "far away" 
from the "centre" (arbitrarily chosen) are moving arbitrarily quickly. Some 
materials scientists have suggested that the time scales of lattice movement are 
several orders of magnitude slower than molecular deformation within the lattice 
|21j . Finally, we may also view the fixed lattice as a stepping stone or preview 
of a full characterization of frameworks with a variable lattice. In particular, 
it is possible to view characterizations of frameworks with a variable lattice as 
consisting of two parts: a component which "rigidifies" the variability of the 
lattice, and a second component which is rigid within the resulting fixed lattice. 

1.1 Outline of paper 

We provide an extensive background section (Section^ which outlines several 
types of frameworks, and their rigidity. In particular, we discuss finite bar- 
joint frameworks, bar-joint periodic orbit frameworks and their corresponding 
derived periodic (bar-joint) frameworks, finite body-bar frameworks, body-bar 
periodic orbit frameworks and their corresponding derived periodic (body-bar) 
frameworks. We also describe induced bar-joint frameworks from body-bar 



frameworks. Section 2.5 provides information about rigidity-preserving induc- 
tive constructions for three-dimensional bar-joint periodic orbit frameworks. In 
Section |3] we state and motivate our main result, and establish the necessity 
of the characterization. Section |4] is the main work of the paper, and details 
the proof of the sufficiency of the characterization. We conclude with some 
conjectures and ideas for further work. 

2 Background 

In this section we outline the basic notions of finite and periodic bar-joint frame- 
works, and finite and periodic body-bar frameworks. 

2.1 Finite bar-joint frameworks 

A bar-joint framework {G,p) is a finite simple graph G together with a position 
of the vertices of G in Euclidean space, p : V{G) — ?► M.'^, with p{vi) ^ p{vj) for 
all {vi,Vj} S E{G). We write p{vi) — pi, pi G M''. An infinitesimal motion of 
{G,p) is a function u : V{G) — >■ M'* (we write u{vi) — Ui) such that 

lui ~ Uj) ■ [pi — Pj) =0 for all edges e = {vi,Vj} e E{G). 



In other words, an infinitesimal motion instantaneously preserves the lengths 
of the bars of the framework. An infinitesimal motion of (G, p) is trivial if it 
corresponds to an infinitesimal rigid motion (e.g. a rotation or translation). If 
the only infinitesimal motions of (G,p) are trivial, we say that {G,p) is infinites- 
imally rigid, otherwise (G, p) is infinitesimally flexible. 

It is clear that if the graph G is disconnected, then {G,p) is always infinites- 
imally flexible, hence we assume throughout that G is connected. 

In this paper we focus our attention on infinitesimal rigidity, which is suffi- 
cient to guarantee the continuous rigidity of a framework in M'^, although the 
converse is false. The focus on infinitesimal rigidity is thus a typical way to 
attack the problem of continuous rigidity, which is computationally challenging. 
See any basic reference on rigidity theory for details [3 [71 [531 [HI ■ 

The vector space of infinitesimal motions of a framework (G,p) is given by 
the kernel of the rigidity matrix, R(G,p). This is the \E\ x d\V\ matrix with d 
columns for each vertex, and one row corresponding to each edge e = {vi, Vj} G 
E{G), as follows: 

( 0...0 p^-p, 0...0 pj-p, 0...0 ), 

where the non-zero entries occur in the columns corresponding to vertices Vi 
and Vj respectively. Note that there will always be a ( ^ ) -dimensional space of 
trivial solutions of R(G,p), corresponding to infinitesimal rigid motions of 
(translations, rotations). The following basic theorem follows: 



i}d 



Theorem 2.1 (see for example [H]). A framework {G,p) with \V{G)\ > d 
infinitesimally rigid in M'' if and only if 

mnkR{G,p)^d\V{G)\-('^^^^ 



If (G,p) is infinitesimally rigid and satisfies \E{G)\ = d\V{G)\ - (''+^), we 
say that {G,p) is isostatic, meaning that it is minimally rigid. The notion of 
minimal rigidity also corresponds to the idea of a framework which is indepen- 
dent, meaning that the rows of the rigidity matrix are linearly independent. We 
elaborate on this idea in the subsequent section. 

We remark finally that the rigidity of frameworks is a generic property: for 
almost all configurations p of a graph G, the framework {G,p) will be either in- 
finitesimally rigid or infinitesimally fiexible. In particular, we say that a generic 
position p of the graph G is one such that all minors of R(G,p) that have 
determinants which are not identically zero have non-zero determinant. This 
yields an open dense set of generic positions for a given graph G. We say that 
a graph G is generically rigid if it is infinitesimally rigid at all generic positions 
p. There are other ways to define generic, for example we may demand that the 
coordinates of the vertices of G be algebraically independent over the rationals. 
In this case, the set of generic configurations is dense but not open. 

The preceding definitions and notions are entirely standard. For further 
details see for example O [71 [23] or [24] . 



2.2 Bar-joint periodic orbit frameworks on the fixed torus 

q-d 
'0 

To describe periodic frameworks, we use the language of gain graphs (also known 
as voltage graphs [8i). A gain graph is a finite multigraph G whose edges are 
labeled invertibly by the elements of a group. Suppose the edges of G are 
labeled by elements of l/, with the function m : E{G)^ — >■ l/". We say that 
the pair (G, m) is a (bar-joint) periodic orbit graphs for reasons that will soon 
become clear (Figure ll] (a)). The vertices of {G,m) are simply the vertices 
of the graph G. The edges of {G,m) are recorded e — {vi,Vj;me}, where 



Vi,V, 



€ V{G),m^ € Z . Since the edges are labeled invertibly by elements of 



Z , it follows that the edge e can equivalently be written: 



= {«. 



ti 'jjj ' 
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From the periodic orbit graph {G,m), we may define the derived periodic 
graph G™ which is the (infinite) graph whose vertex and edge sets are given by 
V{G) X Z'^ and E{G) x Z'' respectively ( Figure[l];b)) . If Vi is a vertex of (G, to), 
we say that {vi, z),z ^1/ \s the orhit of Vi in G™. Similarly, if e = {wi, Vj;me} 
is an edge of (G, m) , then the orbit of edges in G™ corresponding to e is given 
by: 

{ivi,zi),{vj,Z2 + TO,e)}, where Vi,t)j- G F(G), Zi, ^2, We e Z''. 




/^ 



^^ /f 



J/ 



i/ .^^ 
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(a) (G,m> (b) G" 

Figure 1: A gain graph (G, to), where m : E ^ Z^, and its derived graph G"^ 



Throughout this paper, we are concerned with periodic frameworks with a 
fixed periodic lattice, or equivalently, orbit frameworks on a fixed torus, which 
we denote Tq ■ By this we mean the quotient space Tq = K'^/LZ'', where L 
is a d X d matrix we call the lattice matrix. The lattice matrix can be viewed 
as a set of translations under which a periodic framework is invariant. In fact, 
it has been demonstrated that infinitesimal rigidity is invariant under affine 
transformations IJJ il6) , and as a result it is sufhcient to consider frameworks on 
the unit lattice (L = Idxd) as representatives of all periodic orbit frameworks. 
We henceforth use %'' = M'^/Z'' = [0, 1)'^ as the fixed torus. 



When we assign specific geometric positions on the fixed torus Tq to the 
vertices of {G,m}, we call the resulting object a periodic orbit framework (on 
T(f), which we denote {{G,m),p), with p : V{G) — ^ T^f, and p{vi) ^ p{vj) if 
e = {vi,Vj;me} S E{G,m). This in turn corresponds to the derived periodic 
framework, (G™,p™), where the positions of the vertices are given by 

p™(wj, z) = p{v^) + z, where v^ e V{G), z e T^ . 

In |17l we showed that every infinite periodic framework in the sense of 
Borcea and Streinu [Ij can be represented as the derived periodic framework 
corresponding to a periodic orbit framework on the torus. The approach differs 
in terms of motions, which we shall now describe. 

An infinitesimal motion of a periodic orbit framework {{G,m) ,p) on T^ is 
an assignment of velocities to each of the vertices, u : V{G) — > M^', such that 

{Ui - Uj) ■ {pi - pj - me) = 

for each edge e = {vi,Vj;me} G E{G,m). Such an infinitesimal motion in- 
stantaneously preserves the lengths of all of the bars of the framework. An 
infinitesimal motion is called trivial if it in fact satisfies: 

(Uj - Uj) ■ ipi - Pj - me) = 

for aH triples {vi, Vj; nie}, rrie G Z'^. For any periodic orbit framework ((G, m) ,p) 
on Tq , there will always be a d-dimensional space of trivial infinitesimal mo- 
tions of the whole framework, namely the space of infinitesimal translations. 
Rotations are no longer trivial motions, since we have fixed a representation of 
the lattice (and therefore of the torus X^)- 

Suppose u is an infinitesimal motion of ((G, ni),p) on Tq. We can translate 
this to an infinitesimal motion of (G™;P™) in M'^ in the following way. Let 
u™ : V{G) X Z'^ ^ M-^ be given by 

u'"(wi,z) = m(wj). 

In other words, all vertices in the orbit corresponding to the vertex Vi E V{G) 
have the same infinitesimal motion. This is in contrast to motions of ( (G, m) , p) 
on a variable torus. In that setting, the motion assignment on (i, z) will depend 
on z G Z''. In particular, the velocities of the vertices of (G'",p™) are allowed 
to be infinitely large. 

The vector space of all infinitesimal motions of ((G, m),p) on T^f is given by 
the kernel of the periodic rigidity matrix, R(((G, m.),p)). This is the \E\ x d\V\ 
matrix with one row for each edge e = {vi, Vj] rrie} G E{G, m) as follows: 

( 0...0 pi-{pj+me) 0...0 {pJ+Tne)-p^ 0...0), 

where the non-zero vector entries occur in the columns corresponding to vertices 
Vi and Vj respectively. 

There is always a d-dimensional space of trivial solutions to this matrix, 
namely the infinitesimal translations. We have the following version of Theorem 
|2.1|for periodic orbit frameworks: 



Theorem 2.2 (17]). A periodic orbit framework {{G,m),p) is infinitesimally 
rigid on the fixed torus Tq if and only if the rigidity matrix 'R.{{G,m),p) has 
rankd\V{G)\~d. 

Ii({G,m),p) is infinitesimally rigid on T^'', and satisfies |£^(G)| = d\V{G)\—d, 
we say that {{G,m),p) is minimally rigid on Tq- 

If a set of rows of the rigidity matrix are linearly independent, we say that 
the corresponding edges are independent. Note then that minimal rigidity cor- 
responds to the situation where the framework is infinitesimally rigid, and all 
edges of the framework are independent. For finite frameworks this combina- 
tion is known as isostatic, however, we avoid the term isostatic in the periodic 
context, for the reasons discussed in [5]. 

If a framework {{G,m),p) contains loop edges, then those edges are automat- 
ically dependent. For this reason we usually assume that periodic bar-joint orbit 
graphs (G, m) do not possess loops, since they are always redundant, meaning 
dependent in R(((G,r7i),p)). 

As for finite frameworks, if G is disconnected then (G, m) is automatically 
infinitesimally fiexible on Tq. Note, however, that G may be connected, but 
the derived periodic framework G™ may be disconnected, as in the case of the 
two-vertex, two-edge graph where the edges are labelled by (0,0) and (1,0) 
respectively. Despite the disconnection of G™, the periodic orbit graph {G,m) 
is nevertheless infinitesimally rigid on the two-dimensional fixed torus Tq, which 
provides an indication of the structure forced by working on the fixed torus. 

Similar to the situation for finite bar-joint frameworks, we may define a 
notion of a generic position of the vertices of ((G, m),p) on Tq. That is, we say 
that p is generic if all minors of R(((G,to),p)) that have determinants which 
are not identically zero have non-zero determinant. We say that the periodic 
orbit graph (G, m) is generically rigid if it is infinitesimally rigid at all generic 
positions p on Tq. 

We remark that to record a rigidity matrix for frameworks with a variable 
lattice, one must add extra columns. See [1], [15] or [16] for details. 

2.3 Finite body-bar frameworks 

Roughly speaking, a (finite) body-bar framework is a collection of bodies linked 
together with rigid bars. In defining body-bar frameworks more precisely, we 
follow the approach of Connelly, Jordan and Whiteley [3j . The bodies of a body- 
bar framework consist of collections of vertices, with each body joined to some of 
the other bodies by disjoint bars. Each body is assumed to be an isostatic finite 
bar-joint framework, although the details of the specific isostatic frameworks are 
unimportant, provided that the framework spans an affine space of dimension 
d — 1 or greater. A generic body-bar framework is one where all of the vertices 
of all of the bodies are generic, in the sense of Section |2.1[ A multigraph H 
records the connections between the bodies {H is permitted multiple edges, but 
no loops), and each vertex of H represents a body. 

When we wish to explicitly refer to the vertices of a particular body, we use 



the graph Gh, which is the multigraph H in which each vertex has been replaced 
with an isostatic graph, creating an isostatic bar-joint framework. Gh is indeed 
a simple graph with no multiple edges, because any two edges connecting a pair 
of bodies must have distinct vertices. Since every finite body in W^ has ( ^^) 
degrees of freedom, and there is a ( ^ ) -dimensional space of trivial motions of 
any body-bar framework, a body-bar framework is called minimally rigid if it 
satisfies I £;(7f) I = (''+^)|y(iJ)|-(''+^). The following result of Tay characterizes 
the generic rigidity of body-bar orbit frameworks in d-dimensions: 

Theorem 2.3 ([19'). A multigraph H is generically rigid as a body-bar frame- 
edge-disjoint 



fd+l\ 



work if and only if the edges of H admit a decomposition into 
spanning trees. 

2.4 Body-bar periodic orbit frameworks 

We now define our main object of interest, body-bar periodic orbit graphs, 
which provide a recipe for periodic body-bar frameworks. Let H he a. multi- 
graph, which is now permitted to have both multiple edges and loops. Let 
m : E{H)'^ — > Z"* be a map on the directed edges of H. The pair {H,m) is 
called a body-bar periodic orbit graph, where the labeled edges provide a descrip- 
tion of how the edges of H "wrap" around the d-dimensional fixed torus Tff (see 
Figure [2]( a)). The vertices of {H, m) are denoted Bi,B2, ■ ■ ■ and the edges are 
given by e = {Ba, Bp\me}. 



(1,0) 




II ■ ■ I I I I III* 



(a) {H,m) 



(b) (.ff^.g™) inl 



Figure 2: A two-dimensional body-bar periodic orbit graph, m : E{H)^ -^ 1? 
(a) , and a fragment of the corresponding derived periodic body-bar framework 
(b). 



Just as for bar-joint periodic orbit graphs, for a periodic body-bar orbit 
graph (if, m) we may define a derived periodic body-bar graph ii™ which is an 
infinite periodic structure (Figure ^b)). Suppose {H,m) is a periodic body-bar 



orbit graph. We define the derived periodic body-bar graph H"^ to be the infinite 
graph with vertex set V{H) x Z'^ and edge set E{H) x Z'^. If e = {Ba,Bp;me} 
is an edge of E{H, m), then the countably infinite set of edges 

{(B„, z), (5/3,2 + me)}, zeZ'' 

forms an orbit of edges of iJ™, connecting the orbit of the body B^ (denoted 
{Ba,z),z G Z'^) with the appropriate copy (depending on me) of the orbit of 
the body Bp. 

When we wish to explicitly refer to the underlying bar-joint framework, 
we denote by {Ght'^ih) the (bar-joint) periodic orbit framework obtained by 
replacing every vertex of H with a finite (i.e. not periodic) isostatic bar-joint 
framework. The map mn will simply be m on the edges of H, and will map all 
other edges to the zero vector (these are the edges of the isostatic frameworks 
making up each body (vertex) of H) . 

Body-bar periodic orbit frameworks {{H,m),q) are body-bar orbit graphs, 
together with a map q, which maps the vertices of {H,m) to bodies on T^, 
and the edges of {H,m) to bars on T^. We assume that each body spans an 
affine subspace of M'^ of dimension at least d — 1, and furthermore that, up to 
translation, the body lies completely within the interval [0, !)'*(= Tif). This can 
also be expressed as a map pn directly on the vertices of the induced bar-joint 
framework {GH,rnjj). 

An infinitesimal motion of the body-bar periodic orbit framework ( (iJ, m) , q) 
can be defined as an infinitesimal motion of the underlying bar-joint framework 
{{GH,'mH},PH)- That is, it is a map u : V{Gh) -^ ^'^ such that the lengths of 
all edges E{GH,mH) are infinitesimally preserved: 

{Ua^i - Upj) ■ {pa,i - Pl3,j - me) = 0, 

for all edges e = {wa.i, ^^.j! m,e} in E{GH,'mH) (which corresponds in turn to 
the edge {5^,-6/3; me} in E{H,m)). 

An infinitesimal motion of ( {H, m) , q) on Tq is trivial if it is an infinitesimal 
translation. As for bar-joint periodic orbit frameworks, rotations are again 
not considered trivial motions in this conception, as described in Section |2.2[ 
((iJ, ?Tt), q) is infinitesimally rigidon Tq if {{Gh, rau) ,ph) is infinitesimally rigid 
on Tq ^ that is, if its only infinitesimal motions are trivial (translations). 

Every body in W^ has ( ^^) degrees of freedom. Similar to the situation 
for bar-joint periodic orbit frameworks on T^ ^ there is always a d-dimensional 
space of trivial motions (corresponding to the unit translations in d directions). 
It follows that for minimal rigidity of a body-bar periodic orbit framework on 
T^, we require exactly \E{H)\ ^ {'^+'^)\V {H)\ - d edges. 

Proposition 2.4. Let ({H,m),q) be a d-periodic body-bar framework, with 
\E{H)\ — {2 )l^(-^)l~'^- Then the induced bar-joint framework {{GH,mH),PH) 
will have \E{Gh)\ = d\V{GH)\ - d. 

The proof is elementary. 



Remark 2.5. Instead of replacing each vertex of H by an isostatic finite frame- 
work, we could alternatively replace each vertex of H with a minimally rigid 
periodic orbit framework. In this case, the new gain assignment rriH would 
inherit the gains on the periodic orbit frameworks corresponding to each body. 
We do not pursue this variation in the present work. 

We say that the body-bar orbit framework {{H, m) , q) is generic on T^ if the 
induced bar-joint framework {{Gh, mH),PH) is generic. That is, the attachment 
vertices (of the endpoints of the edges of H) and all other vertices added as part 
of the isostatic frameworks replacing the vertices of H are generic in the sense 
of bar-joint frameworks. 

We say that the edges of a body-bar orbit graph {H, m) are (generically) 
independent if the corresponding edges of (G^j'Ti/f) are independent as rows 
in the bar-joint periodic orbit matrix R((G/f , 7Tt/f),p//) for generic positions 
Ph- Note that the edges of any of the isostatic frameworks which make up 
the bodies will automatically be independent, since they correspond to generic 
isostatic frameworks. 

In contrast to the situation for bar-joint periodic orbit frameworks, loops 
may be permitted to be independent in body-bar periodic orbit frameworks. 
The endpoints of the loop must correspond to distinct vertices in the underly- 
ing bar-joint framework (see Figure 2[b)). Each body may have up to ( ^ ) ~ '^ 
independent loops on Tif- Note also that for bar-joint periodic orbit frame- 
works on a variable torus, loops are also possibly independent, but with more 
restrictions ITSllTHl. 



Remark 2.6. It may be desirable to define a rigidity matrix for periodic body-bar 
frameworks directly, without reverting to a bar-joint framework. One possible 
version uses the language of extensors and exterior algebra, as in White and 
Whiteley \22^ , or in the coordinatized presentation in [llj . A rigidity matrix for 
body-bar frameworks with a flexible lattice was recently described in [5] , and a 
matrix for the fixed lattice could be deduced from this presentation if desired. 

2.5 Inductive constructions on 3-diniensional bar-joint pe- 
riodic orbit frameworks 

In [5n], Tay and Whiteley outline several methods for generating generically 
rigid bar-joint frameworks (finite frameworks). Some of the original ideas and 
definitions date back to Henneberg [10], who proved that all generically rigid 
frameworks in K^ can be generated by a sequence of vertex additions and edge 
splits. Building on the work of Tay and Whiteley, we now define periodic ver- 
sions of these two moves, for 3-dimensional bar-joint periodic orbit frameworks. 

Vertex addition. 

Let (G, m) be a (bar-joint) periodic orbit graph. A periodic vertex addition 
(Figure [3]) is the addition of a single new vertex vo to V{G,m), and the edges 

Y ^ {vQ,Vi,;mQi},{vo,Vi^;mo2},{vo,Vi^;mo3} 



10 



to E{G,m), subject to the following restrictions: 
(i) moj ^ mok whenever Vi. = Vi^ (i.e. if Vi^ = w^^, then |5c(y)| > 1), 
(ii) if Vi^ = Vi^ = Vi^, then rrii. ^ m^^ , and |^c(^)| > 2. 




Figure 3: Vertex addition on a bar-joint framework in M? . The three new edges 
may be connected to one, two or three distinct vertices in G. 



Note that condition (i) simply ensures that no two edges connecting a single 
pair of vertices have the same gains, which would correspond to a pair of identical 
edges in G™. The second restriction ensures that if all three edges connect 
vertex vq with a single other vertex in {G,m), then the vertex addition does 
not produce a framework with degenerate geometry. For example, if the three 
gains mi, 7712, ma are (1,0,0), (2, 0, 0) and (3,0, 0), then the vertex addition will 
always add a vertex which is incident to a line, and therefore has a non-trivial 
motion. However, (1, 0, 0), (2, 0, 0) and (0, 1, 0) would be an example of a valid 
gain assignment. 

Proposition 2.7. Let {G,m) be a (bar-joint) periodic orbit graph, with m : 
E^ — > Z'^, and let {G',m') be the orbit graph created by performing a vertex 
addition on {G,m), adding the vertex Vq. If {G,m) is generically rigid on Tq 
then so is (C, m') . 

The proof of this fact is a straightforward extension of the proof of the two- 
dimensional version presented in [16_ . and we omit it. 

Edge splitting. 

Let (G,to) be a periodic orbit graph, and let e = {vi,V2', m^y^m^ £ 1? be an 
edge in E{G, m). A periodic edge split (G', m!) of (G, ni) is a graph with vertex 
set V{G, m) U {vq} and edge set consisting of all of the edges of E{G, m) except 
e, together with the four additional edges 

{vi,vo; (0, 0, 0)}, {wo, V2\ me}, {uq, v^^ ■ moi}, {vq, v^^ ; mo2}, 

where the gains are subject to the same restrictions as for vertex additions 
(Figured. Precisely: 

(i) if any two of the added edges have the same endpoints, their gains are 
distinct; 
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(ii) if any three of the added edges have the same endpoints, then each pair of 
edges satisfies (i) , and the gain space of the three edge, two vertex graph 
has dimension at least 2. 




Figure 4: Edge spHt on a single edge of a bar-joint framework in M.^. The added 
edges may connect with distinct vertices, or the end-points of the split edge, 
provided that we do not introduce redundant edges. 



Proposition 2.8. Let {G, m) he a periodic orbit graph, with m : E~^ — >■ Z'^, and 

let {G',m') be the orbit graph created by performing an edge split on {G,m), 
adding the vertex vq. If (G, m) is generically rigid on Tq then so is (G", m'). 

Proof. Let p be a generic position of {G,m), and let (G'™,p'") be the derived 
periodic framework in M.^. Suppose we wish to perform the edge split on the 
edge e = {wi, W2; m^}, which would add the edges listed above. 

We begin by performing a vertex addition on (G, m) , adding vertex vq and 
the three edges 

Y ^{vi,vo; (0, 0,0)}, {vq, Wj^ ; moi}, {vq, v^^ ; 77102}. 

We select a position po for the vertex vq on T^'^ so that po lies on the line of the 
edge e on 7^^. Equivalently, the orbit of vertices {vo,z),z e Z"^ in V{G"^,p"^) 
lie along the lines of the orbit of edges (e, z) in E{G"^,p™). 
We now use Proposition |2.9| to replace the pair of edges 



{vi,V2]me},{vi,vo; (0,0,0)} 



with the pair 



{vq, V2;me}, {wi, Wo; (0, 0, 0)}, 
which maintains generic rigidity and completes the proof. 



D 
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The following proposition is a restricted version of the Isostatic Substitution 
Principle, see [5D] for example. It is sometimes referred to as the "Triangle 
Exchange," from the operation on a collincar triangle. 

Proposition 2.9. Let {{G,m),p) be a generically rigid periodic orbit framework 
on Tq , with edge e = {vi,V2',me}- Let po be a point on the line connecting the 
positions pi and P2 + rn^ . Then replacing the pair of edges 

e = {wi,-y2;™e},{t'i,wo; (0,0,0)} 

with the pair 

{vq, V2]me}, {vi,Vo; (0, 0, 0)}, 

will result in another generically rigid periodic orbit framework on Tq 

Proof. Since we have chosen the point po so that the triple of edges 

e = {vi,V2\me}, {wi, Wo; (0, 0, 0)}, {wq, ^2; "le} 

is collinear, these edges therefore form a dependent set of rows in the rigidity 
matrix. Hence we may replace any pair for any other pair. D 

Remark 2.10. The preceeding definitions of vertex addition and edge split are 
natural in the following sense: they correspond to "classical" vertex additions 
and edge splits on the (infinite) derived periodic framework {G"^,p"^), in which 
each move adds/modifies whole orbits of vertices and edges. In addition, Propo- 
sition 2.9 corresponds to replacing whole orbits of edges with other (equivalent) 



orbits in (G",p™). 

3 Statement of main result 

Before we state our main result, we require one final definition, namely that of 
the gain space of a gain graph. 

The cycle space C = C{G) of G is the subspace of the edge space of a graph 
£{G) (see 4 ) spanned by the (edge sets of the) cycles of G. Suppose {G,m) is 
a gain graph where C{G) is the cycle space of the (undirected) graph G. The 
net gain on a cycle of G is determined by summing the gains on each edge 
of a participating edge, taking the positive or negative gain depending on the 
direction of traversal. The gain space Qc{G) is the vector space (over Z) spanned 
by the net gains on the cycles of C{G). Depending on the context, we will either 
write Gc{G) or QciY), where Y C E{G) is a subset of the edge set of G. 

In contrast to cycles in directed graphs, we permit re-direction of the edges 
of a gain graph provided that they are accompanied by a relabelling of the gains 
on the edges as well. In this way, we should think of cycles in the gain graph as 
corresponding one-to-one with cycles in the base graph. 

We may now state our main result. 

Theorem 3.1. {H,m) is a generically minimally rigid body-bar periodic orbit 
graph on Tq if and only if 
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1. \E{H)\=&\V{H)\-i 

2. for all non-empty subsets Y C E{H) of edges 



\Qc{Y)\ 
\Y\<&\V{Y)\-Q+ J2 (3-0- (*) 

i=l 



We remark that we have chosen to state this result in terms of edge-induced 
subgraphs to distinguish it from the usual approach in rigidity theory of using 
vertex-induced subgraphs. 

Observe that the first two terms of the sparsity expression I*} correspond to 
necessary conditions for the independence of a finite body-bar framework. Recall 
that for such a framework to be independent we must have that |y| < 6|y(y)|— 6 
for all Y C E{G). In this way, ([*]) indicates that we may add additional edges 
(given by the term X](3 — *)); depending on the dimension of the gain space, 
|5c(F)|. Furthermore, it is clear that any graph satisfying conditions 1 and 2 
will have the property that for all vertex-induced subgraphs, for X C V{H), 



will satisfy \E{X)\ < 6\X\ - 3. That is, if is a [6,3]-graph (see Section [4l|) . 
To further motivate this result, we consider an example. 

Example 3.2. For finite body-bar frameworks, there may be at most six edges be- 
tween any two bodies (see FigurepTa)). For body-bar periodic orbit frameworks, 
there may be at most nine edges between any two bodies (see Figure STb)). By 
M, labels on these edges must have the property that \{rni,m2,Tn3) > 2, and 
\{mi,mj)\ > 1. For example, (1, 0, 0), (1, 0, 0), (0, 1, 0) is a vahd labelhng of 
mi, TO2 and m^ respectively. In this case, any set Y of seven or eight edges will 
have |^c(^)| > 1, and the full set of nine edges has |t/c(i!^)| =2. D 





mi 



(a) finite body-bar (b) body-bar periodic orbit 

framework framework 

Figure 5: For finite body-bar frameworks in three dimensions, we may have at 
most six edges between any two bodies (a). For periodic orbit body-bar frame- 
works, we may have at most nine edges between any two bodies (b), provided 
the edges satisfy the sparsity condition (l*|). 
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Remark 3.3. Counter-intuitively, we do not require that |t/c(G')| = 3 for rigid- 
ity. In other words, it is possible for a disconnected derived periodic body-bar 
framework {H"^,q"^) to be infinitesimally rigid in M.'^. This is due to the extra 
constraints imposed by the fixed lattice or torus. 

3.1 Necessary conditions for generic rigidity on Tq 



To see why the conditions of Theorem |3.1| are necessary, we use an earlier result 
from the rigidity of bar-joint periodic orbit frameworks on T(f, as outlined by 



Theorem 3.4 Recall that the minimal number of edges for a periodic orbit 



bar-joint framework to be infinitesimally rigid on Tq is d\V\ — d. 

Theorem 3.4 f |17j). Let {G,m) he a minimally rigid har-joint framework on 
Tq . Then for all subsets of edges Y (- E, 

/, -.x \Sc(Y)\ 

\Y\<d\V{Y)\-( 2 j+ E (^-*)- (1) 



After converting our body-bar orbit graph {H, m) to a bar-joint orbit graph 
(Gh, rnn), we see that the necessary conditions for bar-joint and body-bar orbit 
graphs on T^ are equivalent. We remark that the first two terms in (llj) are 
simply the necessary conditions for the independence of a finite periodic bar- 
joint framework in d-dimensions: |y| < d\V{Y)\- ('^+^). When \gc{Y)\ > d- 1, 
^ becomes |y| < d\V{Y)\ - d. See [HI for a detailed proof. 

4 Sufficient conditions for generic rigidity on Tq 

The proof of the sufficiency of Theorem |3.1| is more challenging. We use the 



following approach. Section 4.1 describes a result of Fekete and Szego which 
provides an inductive characterization of the combinatorial class of graphs in 
which we are interested. Section [4.2| shows that modifying these inductive moves 
(edge pinches) to incorporate gains preserves the generic rigidity of the corre- 
sponding body-bar orbit frameworks on 7^"^. Finally, section 4.3 provides the 



main combinatorial step, in proving that all gain graphs which satisfy the spar- 
sity condition (I*]) can be generated through a sequence of gain-modified edge 
pinches from an appropriate starting graph, which is a direct modification of 
the techniques of Fekete and Szego. 

4.1 Inductive constructions for [6,3]-graphs 

Let H he a, multigraph. For a subset of vertices X C V{H), let iniX) denote 
the number of induced edges on the vertex set X. We say that iJ is [k, ^] -sparse 
if \iH{X)\ < k\X\ - £ holds for every X C V{H). H will be called a [fc,^]-graph 
if, in addition to being [fc, £]-sparse, H also satisfies \E{H)\ = k\V{H)\ — £. 



15 



In some terminology [k, ^]-graphs are known as [k, i']-tight graphs, see [U] for 
example. 

We summarize a result of Fekete and Szego 15 , first by introducing inductive 
graph constructions called edge pinches. Let < j < n < k. An edge pinch, 
denoted K{k,n,j), consists of the following: choose j edges of H, and pinch 
them into a new vertex, z. Link z with other vertices of H with k ~ n new 
edges, and place n — j loops on the vertex z (see Figure |6|. Following the edge 
pinch, the new graph has k more edges than the original, and the new vertex 
has degree k + n. 



j loops 




2j pinched >(., k_n new 
edges /VfL£><. edges 




j edges 



Figure 6: An edge pinch K{k,n,j) where k — 7 , n = b, j = 3. The new vertex 
has degree 12 (the loop contributes 2 to the degree). 



The single vertex graph with x loops will be denoted Px- 
The main result of [5 is the following: 

Theorem 4.1 ([5). Let H be a multigraph and let I < £ < k . Then H is a[k,£]- 
graph if and only if H can be created from Pk-e with edge pinches K{k,n,j), 
where j < n < k ~ 1, and n — j < k — i. 



In Section |4.3[ we will state and prove a modified version of this result for 
[fc, £] = [6, 3] that follows the proof of Fekete and Szego. We first describe 
gain-modified versions of edge pinches, and prove that they preserve the generic 
rigidity of body-bar periodic orbit frameworks on 7^^. 

We remark that Lee and Streinu independently characterized the same range 
of [fc,^]-graphs, and also have a Henneberg-type result [M]. We do not use their 
methods here. 

4.2 Modified edge pinches preserve generic rigidity of body- 
bar periodic orbit frameworks in 3 dimensions 

We now describe gain-modified versions of edge pinches in three-dimensions, 
which are edge pinches on body-bar orbit graphs {H,m) (m : E^ — > Z"^). A 
gain-modified edge pinch K*{6,n,j) on {H,m) is an edge pinch K{Q,n,j) on H 
to form the graph H* , together with an extension m* of the gain assignment m 
to the new edges, such that 
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(i) any pinched edge e = {BcBp; nie} becomes the two edges {Ba,Bo; mej} 
and {Bq, Bfj] rrie^}, where rrie^ + m,,^ = ?Tie; 

(ii) any subset of the new edges (including the pinched edges) satisfies (I*]) . 

Condition (ii) ensures that, for example, loops on the new vertex z have gain 
assignments which satisfy the necessary conditions of Theorem |3.1| 



Theorem 4.2. Let {H,m) be a periodic body-bar orbit graph, and suppose 
{H',m') is the orbit graph resulting from performing the edge pinch K*(6,n,j) 
on {H,m). If {H,m) is generically rigid on Tq , then so is {H',m'). 

Proof. The proof follows the following two steps. It is related to the arguments 
appearing in the paper of Connelly, Jordan and Whiteley [5] . 

1. j = 

2. 1 < j < 5 

Step 1. j ~ (body addition) Note that when j — 0, we are not splitting 
any edges. Instead, we are simply adding a new vertex to H (a body) , which has 
between and 3 loops. For bar-joint frameworks, this type of move is usually 
called a vertex addition (see for example, |10])j but for our purposes we will 
think of it as a body addition, since each vertex in H represents a body in a 
periodic orbit framework {{H,m),q) on T^. 

Let {H, to) be the body-bar orbit graph, and suppose we are performing 
the edge pinch K*{6,n,0), where < n < 3. We first convert {H,m) to the 
induced bar-joint framework {GH,mH)- We now have four cases, for the four 
possible values of n, see Table [11 We perform rigidity-preserving moves on the 
bar-joint frameworks, as described in Section [275} The first column of Table [T] is 
the "target", meaning that it is this body-bar framework {H' , m') that we wish 
to create. The three other columns depict moves on the underlying bar-joint 
framework (G//, ttt,//). 

All four cases follow the same formula, (vertex addition, edge split, vertex 
addition) as illustrated in Table 111 In the case that m = 1 or 2, we can per- 
form the pictured edge split, since we know that mg ^ (0,0,0) (as the gain on 
the loop in our target). In the case that ?7^ = 3, and we are performing the 
pinch if*(6,3,0), we note that among the three loops with gains TO4,TO5,TO6, 
we must have at least two distinct gains. That is, we may assume without loss 
of generality that TO4 ^ TO.5 7^ (0, 0, 0). This makes the edge split we perform a 
valid one. Let the bar-joint periodic orbit graph resulting from this sequence of 
moves be denoted (G'^,to^). 

The final step in all cases is to recognize the triangle with all edges having 
zero gains as an isostatic graph in M^ spanning a two-dimensional afhne sub- 
space, which permits us to treat this triangle as a body, and convert (G^, m'jj) 
back to a body-bar framework {H',m'). That is, we add a new vertex to the 
the vertices of the graph H to form V{H'), and any edges with non-zero gains 
that are adjacent only to this triangle become loops on the new body. Since 
we preserved the generic rigidity of the induced bar-joint framework at every 
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stage, the resulting body-bar orbit graph {H' , m!) is generically rigid on T^ too. 

Step 2. 1 < j < 5 (all other edge pinches) 

Suppose we are sphtting the edges {B^^ , Bp^ ; mi}, . . . , {JSq^ .Bp^rrij}, 1 < 
j < 5, and performing the edge split K*{6,n,j). We will think of this operation 
geometrically in terms of the derived periodic framework (iJ™, g™). That is, we 
are splitting the following orbits of edges in _ff ™ : 

{{Bai,y),{Bi3i,z + mi)},...,{{Baj,y),{Bp.,z + mj)}, y,z e T? . 

Performing a body addition (as in Step 1) to {{H,m),q), corresponds to 
adding a new orbit of bodies {Bag,z),z E 1? to (iJ'",;/™). We claim that we 
can perform a body addition so that: 

1. the new body lies within a translate of the unit cell, and 

2. j of the edges adjacent to the new body lie along the lines of the edges we 
wish to split. 

To see this, select j generic points, one from along the line of each edge to be 
split. Because the set of generic points is dense, we may ensure that these j 
points lie within one cell. Since the j points are generic, we may define an 
isostatic bar-joint framework on these vertices (possibly adding other vertices if 
j = 1, 2), which corresponds to a body in ((-ff, m),q). This body lies within the 
unit cell, since all edges have gain (0, 0, 0). 

Let this body addition add 6 — n additional edges that are not among those 
to be split, and n — j loops, which are labeled as desired (see Figure [7|. The j 
edges which lie along the lines of the edges to be split need not have the same 
gains as the edges to be split, as illustrated. In fact, if we wish to create a graph 
with edges 

{Bi,Bo;ma}, {Bq, B2; rub} 

we may always obtain this as an edge pinch of a graph with the edge {Bi , B2\ 'ma+ 
nib}. 

We complete the edge pinch by noting that the pair of edges in {H, m) 

{Bai , Bj3^ ; mi}, {Ba^ , Bq; mi^a} 

is equivalent to the pair 

{■Bo, Bp^ ; mi - mi^^}, {B^i , -Bq; "^l,a}, 



by Proposition 2.9 applied to the corresponding orbits of edges in {H™,q™). 
Replacing every such pair in (iJ, m) (there are j of them), we obtain the desired 
edge pinch, and the claim holds. 

D 



18 



Table 1: Body addition (edge pinches on zero edges). Unlabeled, undirected 
edges have gain (0, 0, 0). 



Body-bar orbit graph {H, m) 



Bar-joint orbit graphs 



K*{6,0,0) 



i^*(6,l,0) 





vertex addition 




target 



vertex addition 



(0,0,0) 




edge split 



(0,0,0) 




edge split, mg 7^ 



(0, 0, 0) 



me 




vertex addition 




vertex addition 



mg 



i^*(6,2,0) 





(0,0,0) 





target 



vertex addition 



edge split, mg 7^ 



vertex addition 



ir*(6,3,0) 




me 






target 



verl(|k addition 



edge split, 

1714 T^ ITI5 7^ 



vertex addition 






Figure 7: Edge pinches K*{k,n,j), j > 0. 



4.3 Modified edge pinches generate the correct class of 
graphs 

The main resuh of this section is as follows: 

Theorem 4.3. Let {H, m) be a [6, 3\-graph with the property that all non-empty 
subsets Y d E of edges satisfy 

\Sc{Y)\ 

|i^|<6|y(y)|-6+ J2 (3-*)- 

Then {H,m) can be obtained from {P^^m*), where \Qc{P'i)\ > 2, by a sequence 
of gain-modified edge pinches. 



The proof of this result is based on the proof of Theorem |4.1[ as recorded in 
[5], with a few small modifications. 

By splitting off edges of the gain graph (7J, m) we mean the operation of 
replacing the edges e — {u, w;me} and / = {u,w;mf} with the new edge 
h = {v,w;mf — m,,}, which we call the split edge. The resulting graph we 
denote by {C^^ ,m'^^), where C^-^ — {V,E — e ~ f + h), and m'^-f is the original 
gain assignment modified to include the new gain on the added edge h. 

Theorem 4.4 (analogous to 5 , Theorem 2.2). Let {H,m), H = {V -\- s,E) be 
a [Q,'i]-graph satisfying H), and let n,j be integers such that degnis) = 6 + n, 
^if (s) = n — j, where j < n < 6, and n — j < 3. Then we can split off j pairs 
of edges so that after deleting s, the resulting graph is a [6,3\-graph which also 
satisfies M. 

For brevity, we say that a [6, 3]-graph which satisfies (W) is a [6, 3]-Tq -graph. 
If {H,m), where H — {V -]- s,E), is a [6, 3]-7^'^-graph and e,/ are edges in 
E{H,m), then splitting off e and / is called admissible if {LT^f ,m'^f) is also a 
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[6, 3]-7^^-graph. Finally we define 

\Qc{Y)\ 

b„{Y)=&\V{Y)\-%+ Y. {i-i)-\Y\. 

4 = 1 

Some authors have used a similar measure with the name "deficiency" , since hu 
describes how many edges can be added while maintaining independence. Note 
that a body-bar orbit graph {H, m) is a [6, Sj-T^'^-graph if and only if gniY) > 
for aU subsets of edges F 7^ 0, F C E{H). 

To prove Theorem |4.4[ we make use of the following lemma: 

Lemma 4.5 (analogous to [5], Lemma 2.3). Let {H, m), H = {V + s, E + {e, /}) 
he a [Q,'i\-TQ -graph, where e = {s,u\me\, f = {s,v;mf} are edges incident to 
s, {u,v S V). Then the pair e,f is admissible if and only if $X C E with 
u,w e V{X), such that 

huiX) = and bniX + h) = -1, 

where h = {u, v; nif — mg} is the split edge. 

We omit the proof. See Figure |8] for examples of admissible and non- 
admissible pairs of edges. 




Figure 8: Suppose that all edges in X have trivial gains, and |X| = 6|y(X)| — 6 
(i.e. \gciX)\ = and bHiX) = 0). If rUe = ruf, then bniX + h) = -1, and 
the candidate pair (edge e and /) is not admissible. However, if m^ 7^ rrif (for 
example, m^ — (0,0,0), and rri/ = (1,0,0)), then \Qc{X + h)\ — 1, and therefore 
bniX + h) — 1, and the candidate pair is admissible. 



The following proposition is central to the proof of Theorem |3.1 



Proposition 4.6. Let {H,m) be a [6, 3] -T^ -graph, and let X and Y be subsets 
of edges of H . LfbniX) = bniY) = 0, then bniX U F) = too. 
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Proof. We first note that ii X HY — (i), then the claim is trivial. We therefore 
assume that X n F ^ 0. We also remark that 

2 3 

and therefore we need not consider the case \0c (Y) \ = 2 separately from \Qc (Y) \ = 
3. We thus take cases as follows: 



Case 


\Gc{X)\ 


\Gc(Y)\ 


a 








b 


1 


1 


c 


2 


2 


d 





1 


e 





2 


f 


1 


2 



Case a: \gciX)\ = \gc{Y)\ ^ 0. 

Since bniX) = bniY) = 0, we have \X\ = Q\V{X)\ - 6 and |r| = &\V{Y)\ 

It must also be the case that \gc{X C^Y)\ =0, and therefore 



\xr^Y\ <Q\v{xr^Y)\-&. 



6. 



(2) 



We have 



\XUY\ + \Xr\Y\ = \X\ + \Y\ 

= {&\V{X)\-(y) + {&\V{Y)-&) 

= &\V{XyjY)\+Q\V{XC\Y)\-l2. (3) 

Together, ^ and ^ imply that 

6|V^(Xur)|-6< \X\JY\. 

Since {H,m) is a [6, 3]-7d^-graph, Q\V{X U y)| - 6 < \X\JY\ if and only if 
\gc{,X U r)| > 0. We win show that \gc{X U r)H 0, and therefore &\V{X U 
F)| - 6 = |X U r|, and buiX U F) = 0, as desired. 

Suppose toward a contradiction that \gc{X U y)| = 1. Then |X U F| < 
6|y(Xuy)|-4, and by ^, 



6|y(xny)|-8 < \xr]Y\. 



(4) 



For a cycle to be created with non-trivial gain, the intersection V{X C\ Y) must 
contain at least two vertices, since any such cycle must contain edges from 
both X and Y . It follows that 4 < |X n y|, and the intersection is non- 
trivial. Furthermore, the intersection must be connected. (Suppose that X OY 
is disconnected, into say Ei and £'2. We must have \Ei\ < 6\V{Ei)\ — 6, and 
therefore \Ei\ + \E2\ < 6{\V{Ei)\ + \V{E2)\) - 12, but this contradicts Q.) 
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Suppose that a non-zero cycle is created containing a,b £ V{X n Y). In the 
simplest case, the cycle consists of a single sequence of edges from X, followed 
by a single sequence of edges from Y (see Figure [o]) . We will treat other cases 
separately. Suppose that the cycle is as follows C = a,Cx,b,CY,a, where Cx 
is a path of vertices and edges in X, and Cy is a path of vertices and edges in 
Y. Suppose further that the path Cx has gain mx, and the path Cy has gain 
my. Since the intersection {V{X D Y),X n Y) is connected, there is a path 
from a to 6 within the intersection. Suppose this path has gain mint- Then we 
may write the cycle a, Cx,b, Cy, a as a, Cx,b, —Cmt, a, Cint, b, Cy, a. But note 
that the cycle a, Cx,b, —Cint, a is completely contained in the edge set X, hence 
must have net gain zero. Similarly, a,Cint,b,Cy,a is completely contained in 
the edge set Y, hence must have net gain zero. It follows that the net gain of 
the cycle a, Cx, b, Cy, a is: 

mx +my ^ (mx - mint) + {mint + my) =0 + = 0. 




Figure 9: A simple cycle with net gain mx + my. 



It is a small extension to include cases where the cycle alternates between 



edges in X and edges in Y more than once (see Figure 10 ) . The cycle a, Ci , ci , C2 , C2 , C3 , 6, Cy , a 



can also be written as the sum of cycles in X and cycles in Y: 




Here the first and third closed cycles at a have net gain since they are com- 
pletely contained in X, and the second and fourth closed cycles at a have net 
gain because they are completely contained in Y . We have shown that it is 
not possible to have any cycles m XyjY with non-zero gain, hence we must have 
\gc{X\JY)\ =0, and therefore \X\JY\ = 6|y(XU y)| - 6 and 6ff(X U F) = 0, 
as desired. 



Caseb: \gc{X)\ = \gc{Y)\ ^ I. 

Since bniX) = bniY) = 0, we have \X\ -- 

Then 

Q\V{X\JY)\+Q\V{Xr\Y)\ 



&\V{X)\-A and |y| ^&\V{Y)\ 



\xc^Y\ + \Xl^Y\. 



(5) 



Now suppose that \gc{X n r)| = 0. Then \X C^Y\ < Q\V{X n r)| - 6. Then 
by ([5]), 6|y(X \JY)\ — 2<\X\J Y\, which is a contradiction, since no subgraph 
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Figure 10: A cycle containing edges of both edge sets X and Y , but which 
alternates between paths in X and paths in Y . 



of a [6, 3]-tight graph may satisfy this. Therefore, it must be the case that 
|tJc(X n F)| = 1 (it cannot be greater than 1, since it is a subset of both X and 
Y). Hence 

\Xf^Y\<&\V{Xr\Y)\-A, and 

\x\jY\ >6|y(xuy)|-4. 

Is it possible that \Qc{X U y)| =2 (or 3)? We claim that it is not possible. 

First note that since \Gc{X n Y)\ = 1, we may write Qc{X n F) = (tiq) = 
{/cTOolfc e Z}. That is, the gain space oi XC\Y \& generated by the gain toq G Z^. 
However, since X n F is a subset of both X and F, each of which also have gain 
spaces of dimension 1, it follows that Gc{X) = ^c(^) = (^"-o) too. 

The rest of the argument is similar to that in Case a. Reconsidering Figure 
10 for this case, we obtain the cycle: 



fcimo 



k^mo 



ksma 



> a, 



where fcj, ky G Z. Hence the net gain on this cycle is (fci + fc2+^'3 + fcF)"^0i which 
is clearly contained in (toq). It is not possible, therefore that \Gc{X U y)| > 1. 
It follows that \gciXUY)\ = l, and thus 6h(X U F) == 0, as desired. 

Casec: \gciX)\ = \gc{Y)\ = 2. 

Since bniX) = bniY) = 0, we have \X\ = 6\V{X)\ - 3 and |r| = 6\V{Y)\ - 3. 
In this case, the fact that bniXDY) — bH{XnY) follows directly from a lemma 
of Fekete and Szego: 

Lemma 4.7 ([S], Lemma 2.3). If H is a [6,3]-tight graph, then bniX) = 
bniY) =0, andXC^Y ^% implies that bniX U F) = 6^ (X n F) = 0. 

Cased: \gc(X)\ = 0,\gc{Y)\ ^ 1. 

In this case, \X\ = 6\V{X)\ - 6, and \Y\ = 6\V{Y) - 4. It follows that \gc{Xn 
Y)\ < \gciX)\ - 0, and {gdX U F)| > \gc{Y)\ = 1. Hence |X n F| < 6\V{X n 
F)|-6. We have 



6\V{X U F)| + 6\V{X n F)| - 10 = |X n F| + |X U Y\. 



(6) 
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We claim that l^cl-'^ U F)| = 1. Suppose toward a contradiction that |t/c(X U 
Y)\ =2. That is, a new cycle is created with a gain that is not generated by 
(mo) = Gciy)- Then \V{X n F)| > 2 (for a new cycle to be created), and the 
intersection is connected. Again we argue along the same lines as Cases a and 
b. Considering Figure ITO) we write the cycle as: 



k2ma fci-mo 

Hence the net gain on this cycle is (fc2 + kY)mQ, which is clearly contained in 
(mo) = Gc{Y). It is not possible, therefore that \Gc{X U F)| > 1. It follows 
that IGciX U y)| = 1, and thus bniX UY) = 0, as desired. 

Case e: \gc{X)\ - 0, IGciY)] = 2 (or 3). 

In this case, \X\ = 6\V{X)\ - 6, and |r| = 6\V{Y) ~ 3. It follows that {GciX n 
Y)\ < \GciX)\ = 0, and \GciX U r)| > \Gc{Y)\ = 2 (or 3). Hence \X nY\ < 
6\V{XnY)\ -6. But since 

6\V{X UY)\+ 6\V{X nY)\ - 9 = \X r\Y\ + \X UYl (7) 

it follows that \XnY\ = 6\V{X n Y)\ - 6, and \XUY\ = 6\V{X U Y)\ - 3. 
Hence 6h(X n F) = fo/f (X U F) = 0, as desired. 

Case f: \Gc{X)\ = 1, \GciY)\ = 2 (or 3). 

In this case, |X| = 6\V{X)\ - 4, and |r| = 6\V{Y) - 3. It follows that \Gc{X D 
Y)\ < \Gc{X)\ = 1, and \GciX UY)\> \GciY)\ = 2 (or 3). Hence \X nY\ < 
6\V{X n y)| - 4. Again, since 

6\V{X UY)\+ 6\V{X nY)\-7=\XnY\ + \XuY\, (8) 

it follows that \Xr\Y\ = 6\V{X n Y)\ - 4, and \XUY\ ^ 6\V{X U Y)\ - 3. 
Hence 5//(X n F) = 6^ (AT U F) = 0, as desired. 

n 

We also require the following proposition, which essentially says that if sub- 
sets A, F C E{H) prevent the splitting off of either of two pairs of edges, then 
so does the subset A U F. 

Proposition 4.8. Let{H,m), H = {V{H)+s,E{H) + {e, f,g}) be a [6,3]-ro^- 
graph, where e = {s,u;me}, f = {s,v;mf}, g = {s,w;mg} are edges incident 
to s. Let X and Y be subsets of E{H) such that u,v G V{X), and v^w € V{Y). 



Suppose hi = {u, v; rrif — mg} and ft,2 = {v, w; nig — rrif} (See Figure 11 ). If 

bH{X + hi) = bH{Y + h2) = -l, 

then buiX u F + /ii) = bniX U F + /12) = -1 too. 
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Figure 11: Edge sets X and Y prevent the addition of either of the edges 
{m, v; TTif — rrie} or {v, w; mg — trif}. See Proposition 4.8 



Proof. The proof of this proposition proceeds along the hnes of the proof of 
Proposition 4.6 In particular, we use Cases a - f. We will prove one case in 



detail, the remaining cases are easily checked using the same methods. 

Cased: \gciX)\ ^ 0,\gc{Y)\ ^ 1. 

What we must confirm is that adding either of the edges hi or /i2 to X U Y 
results in an overbraced subgraph of H . In other words, we prove that adding 
hi or ft,2 cannot increase the dimension of the gain space oi X UY. 




Figure 12: Suppose the edge hi — {u, v; mj — rUe} participates in a cycle which 
raises the rank oi X U Y + hi (proof of Proposition 4.8 ). 



From the proof of Proposition 4.6 we know that IGci^ U Y)\ 

hi)\ 



1. Suppose 
Then it must be the case 



toward a contradiction, that \Qc{X UY + hi)\ — 2 
that the added edge hi participates in a cycle whose net gain is not contained 
in t/c(X UY) = (mo) (see Figure [T2| . Furthermore, such a cycle must contain 
edges from both edge sets X and Y, and thus \V{X n y)| > 2. However, from 
the proof of Proposition |4.6| we know that the intersection X DY is connected, 
and therefore we may break the cycle up into the sum of simple cycles, each of 
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which is contained only in X or only in Y (see Figure 12). But we easily see 
that such a cycle has net gain fcmo, fc S Z, which is the contradiction. 

A similar argument shows that \Gc{X U F + /i2)| ~ 1 too, and therefore 



bniX u y + /ii) = bH{X \JY + h2 



-1 



as desired. 



D 



With Propositions |4.6| and |4.8| in place, the proofs of Theorems |4.4| and |4.3 
follow verbatim from the work of Fekete and Szego (see [5 , Theorems 2.2 and 1.6 



respectively. Lemma 4.5 and Propositions 4.6 and 4.8 are analogous to Lemma 
2.3 in [5]). We sketch the principal ideas of both proofs, identifying the areas 
which require modification. 



Proof of Theorem 4-4 (sketeh) 



First note that if j — 0, then G — s must be a [6, Bj-T^^-graph. So we assume 
that j > 1. Toward a contradiction, suppose that we cannot split off j edges 
so that the resulting graph is a [6, 3]-7ri^-graph. We split off as many edges as 
possible, say p < j io obtain the graph (iJ', m'). Let ei = {s, ui; mi}, . . . , Bq, = 
{sTVa]ma\ be the non-loop edges incident to s in {H',m'). By Lemma 4.5 



we 



know that for each pair of vertices v^^v^, ^ 1^ v < fi < a, there exists an edge 
set Xi,^ C E{H') such that 

a) v,j,v^ e y{Xu^i) 

b) bH{X,^) = 0, and 

c) bH{Xy^ + {vu,v^,]m^_,-m,j}) = -I. 



Using Propositions 4.6 
maximal. 



and 



U 



we may find such an edge set Xi^}jr„-^i^ that is 



We consider all such {H' ,m') obtained by splitting off different sets of p pairs 
of edges, and we take {H,Wi) so that \E{H)\ is maximal. Let X = E{H,rri). 

The remainder of the proof exactly follows [5^ . We claim that there is a split 
edge e = {v,w;me} in {H,rn) which is not in X, which is shown using a basic 
combinatorial argument that we do not reproduce here. 

Fekete and Szego then use this fact to find a pair of edges which form an 
admissible splitting off, which contradicts the maximality of p. D 



Proof of Theorem 4.3 (sketch) 



The "if part of this result is seen from the definition of gain-modified edge 
pinches. 

To see the other direction, we proceed by induction on the number of vertices. 
The [6, 3]-7^^-graph with only one vertex is (P3, m*), which we know is a [6, 3]- 
7^^-graph by definition. Let (iJ, m) be an arbitrary [6, 3]-7^^-graph with more 
than one vertex. Then it is not hard to show that there exists a node s with 
degree at most 11 (since H is [6, 3]-tight). 
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Using a simple combinatorial argument, we find that letting n — G — degnis), 
and j = n — inis) (iff (s) is the number of loops on s), we obtain n and j which 



satisfy the conditions of Theorem 4.4 (see [5] for details). 

Theorem |4.4| demonstrates that {H, m) is obtained from a smaller body-bar 
orbit graph {H',m') by a gain modified edge pinch K*{6,n,j). By induction, 
we know that {H' , m') can be constructed from (P3, m*), and hence {H, m) can 
be too. n 



4.4 Proof of main result (Theorem 3.1) 



Theorem |3.4| establishes the necessity of the two conditions for generic rigidity. 
Suppose {H, m) satisfies conditions 1 and 2 of our main theorem. By Theorem 
4.3[ it can be built up from a single vertex with three looks by a sequence of 



gain-modified edge pinches. By Theorem 4.2 these gain-modified edge pinches 
preserve generic rigidity on Tq ^ which completes the proof. D. 

5 Further work 

As mentioned in the introduction, it was previously conjectured that the results 
of the present paper hold for d-dimensional body-bar orbit frameworks |16j . 
That is, we claim 

Conjecture 5.1. {H,m) is a generically minimally rigid body-bar framework 
on Tq if and only if 

1. \E{H)\^n')\V{H)\~d 



2. for all non-empty subsets Y C E{H) of edges 



\Gc{Y)\ 



m<r:')inni-r:v e (^-)- («) 



i=l 



It is evident that the approach of the present paper does not immediately 
extend to this more general conjecture, since we have taken cases in the proofs 
of Propositions |4.6| and |4.8[ which are central to the proof of the main result. 
It is possible that some other method may prove useful in establishing the 
relevant results. Another possibility is that we abandon the approach of Fekete 
and Szego, and prove the result using an entirely different technique. In any 
case, we believe that the established result is a promising indication that the 
conjecture is true. 

It is possible to check that the expression ^ gives rise to a submodular func- 
tion on the set of oriented edges labeled by elements of 1/^. It then follows that 
the body-bar periodic orbit graphs (iJ, m) satisfying (l9| form the independent 
sets of a matroid. We omit the details. 

Other areas for further research may be the extension of these results to 
body-hinge frameworks, which provide yet another tool for studying molecular 
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frameworks. The recent proof of the molecular conjecture [13] provides further 
motivation for this avenue of research. Finally, the development of algorithms, 
based on the pebble game algorithm [12] for checking whether a given body-bar 
orbit graph satisfies the sparsity condition of Theorem |3 . Ij would be of interest. 

5.1 Tubes and slabs 

The paper of Walter Whiteley in this volume [5S] addresses the question of "frag- 
ments" of periodic frameworks. That is, he considers finite pieces of periodic 
structures. As part of this set of questions he describes two types of fragments: 
tubes and slabs. Tubes are three-dimensional structures which are periodic in 
one direction. Slabs are three-dimensional structures which are periodic in two 
dimensions. 

From the result presented in this paper, it is possible to obtain extensions 
to tubes and slabs which are not fragments. Tubes can be seen to correspond 
to periodic frameworks {H,m) with |tJ(;;(_E)| = 1, and slabs correspond to those 
frameworks with l^cl^-)! = 2. Adapting the present results to these contexts is 
the subject of a forthcoming joint paper. 
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